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Diffeomorphism symmetry in 44 field theory 

S fi Derkachovi and Yu M Pis’mak$§ll 
t Depmment of Theoretical Physics, State University of St Petersburg, Sf Petersburg, Russia 
$ Instilute for meoretical Physics. Bern University, Sidlersuasse 5,  CH-3012 Bern, Switzrland 

Received 9 February 1993 

Abstract The diffeomorphism and Weyl transformations in the renormalized Ddimnsional 
$‘ theory are considered. The action functional including the sources of the operators +2 and 
4‘ appears to be invariant with respect to these transformations with the appropriate choice of 
their form for the field and sources. For the generalized diffeomorphism transformation being 
some combination of diffeomorphism and Weyl transformations, the Ward identities for the 
renormalired Green functions of the field 0 and operators +2, 0‘ are obtained. In the critical 
pint they are similar to the Ward identities used in the 1~ conformal field theow a d  enable 
one to prove the conformal invariance of @2 and +‘ for arbitrary dimension D .  

1. Introduction 

Many important results have been obtained in recent years in conformal field theory (0 in 
two dimensions It]. An approach to the extension of these methods on Cm in D dimensions 
was suggested in [2] for any D.  It is based on using the diffeomorphism algebra as an analog 
of the Virasoro algebra for the D-dimensional space. The set of conformal field operators 
in the D-dimensional CFT is supposed to form the basis of some representation for the 
diffeomorphism algebra. 

In this sense the theory has infinite symmetry, which as in the two-dimensional case 
enables one to obtain sufficient information using only the properties of the representations 
of D-dimensional diffeomorphism algebra. 

In [2], a series of natural assumptions is made about the form of these representations in 
the D-dimensional cm. The representation of the diffeomorphism algebra of this kind can 
be easily constructed in the D-dimensional free massless field theory 121. The possibility of 
its existence is not so evident for non-trivial CFrs because of the necessary renormalizations. 
The purpose of this paper is to demonstrate how the representations of the diffeomorphism 
algebra to be dealt with in [Z] can be constructed in the D-dimensional scalar q54 theory. 

For convenience this theory will be considered in the curved space with the metric 
y&) depending on the point x .  In this case the four-dimensional classical theory is 
invariant under the diffeomorphism and Weyl transformations, and the problem is reduced 
actually to investigations of the Weyl anomalies. By setting yflu = sPv in the final formulas, 
the corresponding results can be obtained for the Euclidian q54 theory. 

5 Work supported in p m  by the Schweizerische EidgeOssischc Stipendienkommission fiir auslhdische Sludierende 
and by the Sonderfmchungsbereich 123 Stohastic Ma!hemdcal Mcdels of the Deutsche Forschungsgemeinschaf. 
11 Permanent address: Depanment of Theoretical Physics, State University of St Petersburg, Ul’yanovskaya 1. 
Stwy Pelergof, 198904 St Pefersburg. Russia (e-mail pismak@onli.phys.lgu.spb.su). 
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2. Delinitions 

We consider the scalar 44 field theory in the curved space. The bare Lagrangian LO for this 
model can be written in the form [3,4]: 

S .6 Derkachov and Yu M Pis’mak 

Lo = LW + Loy 

LW = f [v&Y+”’,@ + ~ ~ 4 ~ ] +  
Loy = ho + aoF 4- boG +COR’ + foR + hopvGKv 

where 

(1) 
MO = m i  + {OR 

and V,  is the covariant derivative. Along with the scalar curvature R, the part Loy of 
the Lagrangian, involves also F ,  G, GPY: F is the square of conformal Weyl tensor, 
G is the Euler density and G,, is the Einstein tensor (see appendix A). The notation 
( i o )  = (mo, CO, go, no, 5, bo, CO, fo, hop”) will be used for the set of parameters of LO. 
The metric nY(x)  can be considered as the source for energy-momentum tensor. It is 
convenient to adopt the trick from [4], allowing the parameters { i o ]  to be arbitrary functions 
of x .  Correlation functions of the local composite operators @, 44 can then be defined by 
the functional differentiation with respect to mz and g, just as the insertion of T,, is given 
by functional derivatives with respect to the metric ygv. The bare action is defined as 

, 

where y I det y,”. By construction, this functional is invariant under general coordinate 
(diffeomorphism) transformations. The infinitesimal reparametrization of the coordinates x 
has the form 

Syx” = or’(x). 

8ffF(x) = L,F(x) 

Tensors have the usual transformation properties: 

where L, denotes the Lie derivative defined by the vector field or”(x). 
In particular, 

SyA = d V ” A  = (orV)h 

Syh,, = (aV)h,, + V,orY”hA, + VddY”h,A. 

for parameters [A) in the Lagrangian, and 

Sffly’Y = ( o r V ) Y ” ”  - VPorAYAV - Vor,y”& = -V,or” -Tor” 

for the metric. 
The commutation relation for diffeomorphism transformations (DT) is of the form 

where [or, p] = (orV)p - (BQY is the commutator of vector fields. The invariance of the 
action under DTs means 

6 s - D,Y.AO.6 6fs = 0 
U 0 -  
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where 

The summation in the last formula is performed over all ki from [Xo]. Operators DC'O'$ diff 
obviously form the representation of the diffeomorphism algebra. We shall use the notation 

2 
0,"" V%" + Tu"  - - (VdY"". 

The vector u(x)  for which of = 0 will be called conformal. It is well known that for 
conformal a in the flat space, 6,"". is the conformal transformation of the coordinates x .  

3. Renormalization 

The renormalized Lagrangian L includes all the necessary local countertenns of dimension 
four in some definite regularization prescription. We use the dimensional regularization 
and the minimal subtraction scheme. The dimensional regularization preserves manifest 
covariance under reparametrization of the coordinates x ,  therefore the renormalized action 
is invariant under the DTs. 

The counterterms contain (in addition to standard 'flat' terms) terms depending on 
derivatives of the coupling as well as the curvature tensor formed from the metric, 
constrained by the power counting and the requirement of the invariance under the DTs. 

The renormalized Lagrangian is a function depending on the set of renormalized 
parameters {A] = [m, <, g, A, U ,  b, c, f, h,J and an arbitrary mass scale p introduced 
in the process of the renormalization: 

L(W2 P? 4) E LO(IkO@, WI? Z&h 

s =  dX@L (5) 

(I (6) 

(4) 
The renormalized action has the form 

J 
and is invariant under the DTs, 

difls = D Y ~ J  d i f i ~  = 0. 8, 
H~~~ D ~ W  die IS . the operator that can be obtained from Dk'*' diff by a formal change in 
(3): Ab + X. By definition, the parameters <, g ,  a,  b ,  c are dimensionless, the dimension of 
m2, f, hpY is two and the dimension of A is four. It follows from the power counting that 

MO = ZmM + Z,lAg + iZmz(Vg)'+ Z<R 

Loy = p-%[1\ + ZAM' + M(ZAiAg + ~ z A 2 ( v ~ ) z )  f ; Z A ~ ( A ~ ) * +  $zh4(Ag)(vg)' 

go = pL"Zgg 

(7) 

where M = mz + (R and Z are dimensionless functions of g. 
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From the relations (7) it is easy to find the relations between the bare and renormalized 
parameters: 

ho = IL-% [A + Zhm4+ m2(ZAlAg + fz,vZ(vg)’) + fZm(hg)’ 

+ iz,v4(Ag)(vg)2 4- ~ Z A S ( ( ~ ~ ) * ) ~ ]  
ao = p-%(a + Z.) 
fo = ~ - ~ [ f + m ’ Z f + 2 l m ’ Z n  + ( U , v i  + Z ~ i ) A g + ~ ( T Z n z + Z ~ z ) ( v g ) ’ ]  
hop = fic-%[h,, + iZ/tVpgVug]. 
Let us denote DO = p g ,  where the derivative is calculated by fixing the bare parameters. 

Applying ’DO to bo& sides of equalities (8) it is easy to calculate the p-functions 

for all the parameters hi E ( A ] .  The results of these calculations are given in the appendix B. 

mi = ZmmZ + Z,lAg + $Z,z(Vg)2 To = zfnt + Z( 

(8) 
bo = p-”(b + Z,)  CO = p-%(c + Z, + (’ZA + {Z,) 

= Dohi 

The generating functional W of the connected Green functions is of the form 

~ ( y ,  I ,  J )  = ln D@e-’(+)+’+. (9) J 
By differentiating W with respect to J ,  m’, g one obtains,, after setting A’ = hf = const, 
the connected renormalized Green functions of the operators d,, d,’, d,4 for the theory with 
the renormalized action S, = S((h,]). They are finite for D = 4 [3,4]. 

4. Weyl transformations 

We consider now the Weyl transformation on) of the action S. 
transformation is defined as the local resealing: 

with arbitrary U @ ) .  The infinitesimal w’rs form the commutative algebra: 

For a metric, this 

6,WYfi”W = -2U(x)Yr(&) (10) 

[y. 6 3  = 0. (11) 
For the field $ and parameters {A} we define the canonical w by 

4 (12) 
CW 0 - 2  

6, d, = u- SZwhi = U  dim[lilhi 
2 

where dim[hi] is the dimension of hi: 

d img=dimr  =dima=dimb=dimc=dim[h , , l=O 
dim[m21 = dim[f] = 2 dim[h] = 4. 

The transformations (12) are obviously commutative. By virtue of WT, the transformations 
of the functions R, F, G, Ggv, Ag of the metric have the form (see appendix A): 

(13) 
where 

6FQ = U dim[QlQ + & Q 

dim[R] = dim[Ag] = 2 
dim[FJ = dim[G] = dim[G’”] = 4 dim[y] = 2 0  
&R = 2(1 - D)Au 
&G’” = (2 - D)(V’V‘O - ~ ’ ” A u )  

&G = 8(0 - 3)G’”VpV,~ 

- - 
&Ag = (2 - D)~’”VfiOV,g say = SuF = 0. 
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By definition, the canonical vm of @,[A) and the WT of yfiv in (5) generate the 
transformation of renormalized action: 

In (14) the following short notation was used: 

- SS D - ~ A u  SS+ +&Ag- - --- 
6Ag 2 Z, Sm2‘ 

In this equality V 
Using the common variatle exchange rule, 

.LL$, where the renormalized parameters [A] are meant to be fixed. 

we can write the first term in the right-hand side of (15) as 
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Using (18). (19) and (20). the right hand side of equality (15) can be rewritten in terms of 
the variational derivatives of S with respect to m2 and A. Finally one obtains the following 
form for the canonical vrr of the action: 

6S 
w 7 8m2 

6 6 
6 E w S = ~  & - + & - - Y + $ - -  S + [ ~ @ ~ t f V u V g A i  t A u A z ] -  

+[‘J(Pa + h F  + BbG + 
+(VoVg)Bi + AUBZ 

S d Derkachov and Yu M Pis’mak 

[ sc 
+ &R t ~ h p v G p ” )  

+VpVvo((Z - D)(h’” + ~ Z k V ’ g ~ g )  4- S(D - 3)G’”b) 

-Vp~Vvg(8(D - 3)ZL + & Z l r ) G P ” ] z .  (21) 
6S 

Here Z i  denotes the derivative of Zb and A I ,  A2, B1, Bz are functions of g, Vg and Ag. 
The evident expressions for AI, Az, E1 and BZ in the t h e m  of the renormalizing functions 
Z are given in appendix B. 

Thus the action S appears to be non-invariant under the canonical WTS. However, it 
is possible to inh’oduce the WTs &FA and 874 of the special form for the parameters [A} 
and field 4, which, for the suitable WT of the metric ypv, does not change the action. By 
definition, 

Sy4 = U A& 8yA= 8:wA + 6LA 

where 

8LA = 0 for A = Q v  b, C, fs h,, 
0 - 2  

A4 = - + y+ 2 
6Lm2 = -U &z - VUVgA1- A u A ~  
6:A =  PA + BoF + BbG + &R2 + &R~hnVG”’) 

&A = for A = g, F 

- [(VoVg)BI + AUBz + VPVuu((2 - D ) ( P  + iZkV”gVg)  
+8(D - 3)G””b) - V W ~ V v g ( 8 ( D  - 3)ZL t &Zh)G’”]. 

These transformations are obviously nonlinear. One can verify directly that they are 
commutative. Let us define the operators as in (3): 

D,Y.L.”W ~ D Y W  + DAW + D$W 

D,Yw = 6:y””- 
a 

D$w = Sw$--. 
a$ 

s D:w = ~ 6 ~ A . ‘ -  
gyp” 6l.C 

s 

Since 

[D$A.QW, DY.”.dW] = 0 
P 

the operators D$A’’w form the representation of the WT algebra. By virtue of (Zl), we 
have 

(22) 

i.e. the action is invariant under WTS. This invariance is the basis of the local 
renormalization-group method 161. 

8:s E D,Y,A*+wS = 0 
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5. Generalized diffeomorphism transformations 

Combining the DT and the WT one can obtain the transformation of the form 

It has the following property essential for us here: 6,ypy  = -0:" = 0 for conformal CY. 

As a consequence of the commutation relations (2) and (1 l), it follows that 

[Sa, $1 = 6 ~ ~ 1 .  

This means, that 6, form the representation of the dfleomorphism algebra. 
Let us intrcduce the notation 

 ay.^,+ = DY u L 7 u  + 0". + D+ 

Obviously, 

By virtue of (6) and (22). 
6.S = D,YA,+S = 0 

One can easily verify that 
6 

rD,'.^, $ 1  = (VCY)(VS)&A;~.  

[Dg', D$ + [DZ, D i A l  = 0 
Hence, 

and it follows from (23) that 

DLA, $1 = D& (25) 

i.e. the operators DLA form the representation of the diffeomorphism algebra. 

6. Ward identities for Green functions 

Applying operator DLA to functional W (9) and using (24) we obtain 

Furthermore, the equality 

enables us to rewrite the identity (26) in a different form: 
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This is the Ward identity for W with respect to the generalized DTS. By virtue of (4), (7) 
and (8). W can be witten in the form 

S .& Derkachov and Yu M Pis'mnk 

W = W l ( y , A , a , b , c , f , h , , ) + W z ( y , m Z , g , 5 ,  J )  (28) 

where 

W] = -I&-& / f idx(A +aF + bG + cR2 + f G  + h,,G'"). 

Using (28) we can present (27) in a modified form, 

where 

and Q, = -D,"Wl is a local functional of the parameters {A}  and Vu, A,,, 
functions V I .  UZ. A1 and A2 have the form (see appendix B): 

2+ y,,,. The 

-2&Zml + (2 - D )  + 4(1 - D)Z,  
zzm 

A2 55 

Applying the derivative with respect to J ,  mz and g to both sides of equality (29). it is 
easy to obtain the Ward identity for Green functions, which can be written in the form 

where 

G",,"2,",(xl...x"l: Yl ... Y"*; Z1 ... Zn,) 
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(nl + n2 + n3 = n )  and we have used the notations 

A,+ = D - 2 - ym2(g) A p  = D + Ai(Vu(x)) Lh(x) =Or(x)V+ 

In the right-hand side of (31), Gm(nln2n3) is a quasi-local function, which is equal to zero 
if all its arguments are different. 

7. Critlcal point 

Choosing the values of the parameters Ar = A* and performing the change of the variables 
A + 1, the Ward identity (31) can be obtained for Wd), in which G& = GZ = GZ = 0. 
In virtue of definition (32), the functions m(x), g ( x )  play the role of the sources of the 
renormalized operators e2 = @,z and #4 = 4E. If one makes the change of the variables 
of the form 

m 2 = & + k A g  g = j  

where k = constant, then by virtue of the obvious relations 

tirZ and 2 are the sources of the operators 

4,,,2 = 4' 4i = Qt + kA4,,,2 = $4 + kA& 

This change of variables is equivalent to the formal change A + x, Z, -+ .Z?i in all 
previously obtained relations. For the functions ii the connection with the functions Zi 
can be easily found. In particular, Z;, = Zmi + kZ,, therefore 

Let us choose the critical parameters 
- 

A2 
'* = 2(D - 1) m*=O 

with g' being a solution of the equation &(g*) = 0 (in the method of the renormalization 
group [7], g* is called the fixed point). We refer to this point in the space of the parameters 
(A,] as the critical one. Equations (30) and (33) directly imply that 
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It is easy to see that pr can be written in the form 

By definition, A&,(. = 0 and &(g*) = 0 and we obtain from (30) and (35) 

' L  )).=A* = @t lA=h* = O' 
Hence, 

G&l,=,. = 0. 
Since o + ym # 0 at o = @i(g*) by virtue of (34), 51 (8') = 0 for appropriate choice of the 
variables i i ,  2 (for k = -ul(g*)/(w + ym)). Therefore, 

The choice of the variable h considered is equivalent to the diagonalization of the mixing 
matrix for the set of renormalized scalar operators with canonical dimension four. Usually 
[3,7] one includes in this set the operator 4%. We do not take it into account, since an 
admixture of this operator can change only the (unimportant for us) quasi-local function 
&(n,nm,) in the Ward identity (31). 

We show now that Al(g.) = 0 and hence, G!&,nzn?) = 0. In purely flat space for 
d' = x P  we obtain from (31) the usual scale differenhd equation for Green functions 
G.,,,., with non-coinciding arguments: 

It follows h m  (36) that two-point correlation functions of operators $,& and 44 are 
power functions of the distance between these points. The power exponent is the sum of 
the critical dimensions A of the corresponding operators. It is easy to see h m  the first 
terms of e-expansions that the differences between these dimensions for different operators 
are not integers for arbitrary c. Then it is not difficult to prove that for 01 corresponding 
to special conformal transformations the two-point correlation functions of this kind can 
satisfy equation (31) only if Al(g') =O.  

The function Al(g) is a function that depends on the coupling g only, but not on the 
space dimension. By virtue of g* = g*(D),  it foUows immediately from Al(g*) = 0 that 
Al(g) 0 for all g. This means the existence of connection between renormalization 
functions Z,,,, and Zm2. 

Finally, we obtain the following diffeomorphism Ward identity: 

where (...)* = 
We also have used the standard definition for the energy-momentum tensor: 

@xi is an operator belonging to the set 4, &, 44, & @ j  5 Lb@,. 

The Ward identities for the Green functions of the energy-momentum operators can be 
obtained by applying to both parts of the Ward identity (27) the derivatives with respect to 
the metric y(x ) .  They directly imply that this operator is conformal invariant with the scale 
dimension D. 
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8. Conclusion 

We have shown that in the scalar f theory the set of operators [@) = (4, @, @4] (we use 
the short notation: +4 is the scale-invariant operator with scale dimension D + o) forms 
the basis for a special representation Se@ = Le@ of the diffeomorphism algebra, which has 
the following properties: 

(i) at the critical point the Ward identities (37) hold for Green functions of these basis 
operators, 

(ii) all L, are local operators, 
(iii) all the basis operators Q are conformal invariant at the critical point. 
These were all the essential assumptions concerning the representations of 

diffeomorphism algebra considered in 121. As we see in the example with the 44 operator, 
the conformal invariance of this composite operator follows h m  its scale invariance. This 
idea can be used in the general case to prove the conformal invariance of scale-invariant 
composite operators. 

The most non-trivial part of OUT constructions is that concerning the Weyl 
transformations (section 4). The WTS in the renormalized quantum field theories are the main 
object of the consideration in [6,8-101. Therefore it can be interesting to make a comparison 
of OUT and obtained in these papers results. In [9] the canonical WT of the metric (IO) is 
treated as being significantly modified under renormalizations. In [6] the transformations of 
the functional W generated by the WT of the metric (IO) are presented in the most general 
form, which follows from the scale invariance of the theories in the classical limit. The 
detailed analysis of the consistency relations performed in [6] is based on the commutativity 
condition of these transformations. It results in the alternative derivation of the c-theorems 
for the 2D cm' and their four-dimensional analogues. Corresponding calculations were made 
in [SI. For the problem considered by us, it is found to be necessary to construct explicitly (in 
therms of the renormalization constants) the representation for the algebra of the WTs. which 
leave the functional W invariant. The present result is not contained in [6], and it seems 
to be impossible to obtain one by a straightforward application of the methods presented 
in 161. In [ 101 the transformation properties of the energy-momentum tensor of the 94 
theory were investigated. The methods of these papers are not directly applicable to the 
non-trivially mixed composite operators (like 44). Note that the problem of transformation 
properties for such operators was not considered in [91. 
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Appendix A 

For completeness, we give a set of definitions and variational formulas for the objects of 
the Riemannian geometry used in this paper. The convention of summation over repeated 
lower and upper indices will always be used, except when the metric is explicitly Euclidean. 
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The general form of the covariant derivative of a tensor with n indices is 

where r is the Riemannian connection: 

For the metric we have VAY,, = 0. The commutator of two covariant derivatives defines 
the Riemann curvature tensor Rip” as 

[V,,, VJFA = RiPYF6. 
The expression for R in terms of r has the form 

a A  a 
Ritl” = rv6 - G r ; 6  + - rkrLr. 

By definition 

4 ~ f i v  YAzR&Y. 
The Ricci tensor is 

RIly = RLur. 
By contracting the remaining indices one obtains the scalar curvature R :  

R R P  - Rflv p - Y W V .  

1 
0 - 2  

1 
( D  - 2)(D - 1 )  

The conformal Weyl tensor W,,,, has the form: 

W,ww R p z m  + - [ ~ p r R v n  + ~ v c r R p  - ~ W c R v r  - ~ u r R p c ]  

- [ Y P ~ Y W  - YPCYYZIR. 

The Einstein tensor 

Gp = Rpv - ~ Y P Y R  
is conserved: 

V,G’” = 0. 
In addition to all these objects, we have used the square of the conformal Weyl tensor F 
and Eder density G: 

RZ 
1 2 F WpUm W,,,, = RwvTa R p v r o  t - RPYRP, t 

2 - 0  (2  - D ) ( 1 -  D )  
G = RLvr“RPYrD. - 4RPYRP,  + R2. 

The covariant volume element has the form dV = where y is the determinant of 
the metric tensor yPu. and dDx is the usual volume element in the D-dimensional Euclidean 
space. By a transformation yPv + yPv +6y,,, of the metric riv, a, R&,, RPY are 
changed in the following way: 

A - I  A r g  arfiv - ZY [ Y r w  + 0 r u . p  - ~ Y W Z I  
8 4 7  = 4f iY””6YP” = - ; f i Y P ” G Y P v  
a R 2 p  = ; P [ ~ ~ c r . p v  + ~ ~ r v . o . p  + 8ypu.vr - 8 ~ w . p r  - 6yro.vp - S Y ~ , ~ I  

6RPU = $YAr[gYAr.gv f 6ypv.Ar - 8Yvr.A~ - 8YflzZvl .  



Diffeomrphism symmetry in G4$eld theory 694 1 

From these formulas one obtains for the WTs: 

The Laplace operator is transformed as 
6YA = 20 A - (D - ~)V"UV,. 

Appendix B 

We present the result of our calculations of the ,¶-functions. By using the notation 
a P=&-,¶ - 

ag 
the ,¶-functions can be written as 

where 

The coefficients p in the last formula are 
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The coefficients A and B in formula (21) for the canonical WT of the action are of the 
following form: 

-&38Zm2 - 28jZm1 + (2 - D)Zmi 
Z m  

AI = 
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